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This work emphasises the modelling capabilities of the unsteady ﬂamelet/reaction progress variable
approach to implement diesel spray ﬂames for capturing the auto-ignition and ﬂame lift-off phenomena.
The droplet size distribution based on the moment scheme characterises the poly-disperse spray model
[1] employed in this work. The ﬂamelet progress variable solutions embedded in a Reynolds-averaged
NaviereStokes (RANS) framework, together with the probability density function (PDF) approach, signify the turbulenceechemistry interaction. All thermochemical scalars are represented as a function of
mean mixture fraction, mixture fraction variance, reaction progress variable and scalar dissipation rate.
Mixture fraction is assumed to follow a beta-PDF distribution, because the reaction progress variable and
scalar dissipation rate distributions are assumed to be a delta-PDF. In order to assess the capability of this
developed model, the predicted results are compared with experimental data [2]. The developed model
gives a reasonably good overall prediction performance in terms of auto-ignition, ﬂame development and
ﬂame lift-off length. The ﬂame temperature distributions are comparable with the formations of luminous ﬂames. The predicted ﬂame growth rate is consistent with the experimental results but there is
a small over-prediction. Therefore, the present approach can accurately and efﬁciently capture the autoignition and ﬂame lift-off phenomena of diesel spray ﬂame.
Ó 2013 Elsevier Ltd. All rights reserved.
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1. Introduction
Due to superior fuel economy, spray combustion is utilised in
a wide range of engineering devices, such as gas turbine engines
and internal combustion engines. Because the fuel is injected into
the high-temperature chamber, the fuel droplets are partially
evaporated and then mixed with the oxidiser. The chemical reaction plays a key role in this period until the auto-ignition takes
place. The remaining unmixed fuel is then burned more slowly
due to limited oxidiser. Therefore, spray combustion can be considered as a partially premixed combustion mode. Thus, standard
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combustion models based on the fully premixed or fully nonpremixed theories are not exactly appropriate for this concern.
Many studies have been performed to investigate the underlying physics governing partially premixed combustion [3e6]. These
studies strived to capture spray combustion accurately and efﬁciently. In general, the key parameter used to predict the partially
premixed lifted ﬂames is the reaction progress variable. The
method widely applied to model diffusion ﬂame is the laminar
ﬂamelet approach proposed by Peters [7]. The formulations of the
ﬂamelet that incorporate the reaction progress variable are the
steady ﬂamelet model (SFM) and unsteady ﬂamelet model (UFM).
The basic concept of the laminar ﬂamelet model, as introduced by
Peters [7], considers that the turbulent diffusion ﬂames behave
locally as an ensemble of laminar stretched ﬂamelets. Each laminar
ﬂamelet is subjected to the local ﬂow ﬁeld, convecting and
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stretching in terms of the instantaneous scalar dissipation rate at the
stoichiometric condition. This model is generally adopted based on
a steady state assumption and thus, it is known as the steady
ﬂamelet model. The ﬂame structure then can be described just by
the local mixture fraction and the scalar dissipation rate as independent variables. Therefore, the thermochemical variables of ﬂame
ﬁeld such as temperature, species mass fractions, density, etc., can be
pre-calculated and tabulated into a database; the so-called ﬂamelet
library. This makes the SFM popular in turbulent combustion studies. This model has been successfully applied to turbulent combustion [8e10]. Subsequently, many theoretical and experimental
studies [10e12] have identiﬁed the deﬁciency of the steady state
assumption, in that the laminar ﬂamelet structure cannot sufﬁciently respond to the rapid changes of scalar dissipation rate in the
turbulent ﬂow ﬁeld. Due to a highly non-homogeneous and transient environment in the spray, the SFM is not able to predict the
extinction and re-ignition of these ﬂames. The incorrect lift-off of
diffusion ﬂames results in large discrepancies in ﬂow ﬁeld predictions, which would certainly yield inaccuracies in the prediction
of pollutants [6]. In addition, the accuracy of this model decreases as
the Damköhler number decreases [13]. The Damköhler number is
characterised as the ratio of the turbulent to chemical time scales.
When the chemistry is fast compared with the turbulent scale (large
Damköhler number), the diffusion ﬂame layer is supposed to be
relatively thin. Because the Damköhler number is small, the local
ﬂame structure is then far from the assumption of a laminar ﬂamelet.
The local extinction and re-ignition states cannot be described
properly by SFM. The reason for this is that the solution space used
in SFM is very restrictive. Typically, the ignition and extinction
states are deﬁned as the turning points on the S-curve, as shown in
Fig. 1. The upper branch indicates the stable burning ﬂames, and the
lower branch is the non-reactive solutions. The middle branch is
unstable solutions that are obtained from the ﬂamelet equations. In
SFM, only the upper and lower branches are used. Because the
solutions need to jump between the upper turning point and the
lower branch for dissipation rates around the extinction limit, the
numerical solutions become unstable. In order to eliminate this
weakness of SFM, a relevant time variable is introduced into the
ﬂamelet structures. This leads to the unsteady ﬂamelet models. The
importance of transient effects in ﬂamelets models is described by
Haworth et al. [14]. Many researchers have attempted to apply the
unsteady ﬂamelet model to combustion with local extinction and
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re-ignition. Mauss et al. [15] investigated the extinction and reignition of methane jet diffusion ﬂames based on the unsteady
ﬂamelet model. Pitsch and Fedotov [16] developed a stochastic,
interacting ﬂamelet model, which extended the unsteady ﬂamelet
model to account for re-ignition effects due to the interaction of
different ﬂamelets. An application of the unsteady ﬂamelet model
to large eddy simulation was also demonstrated for a piloted jet
diffusion ﬂame by Pitsch and Steiner [17] and an excellent agreement with experimental data was obtained.
To broaden the ability of the classical steady ﬂamelet model in
predicting the extinction and re-ignition of diffusion ﬂames, Peters
[4] introduced the reaction progress variable to SFM. Pierce and Moin
[6] modiﬁed this approach by applying the reaction progress variable
instead of the scalar dissipation rate to parameterise the ﬂamelet
library, in order to predict the local extinction and re-ignition of nonpremixed turbulent combustion. Later, such a methodology was
investigated and improved by Ihme and Pitsch [18,19]. Furthermore,
the distribution of reaction progress variable with beta- and deltaprobability density functions (PDF) for lifted ﬂames in the Reynoldsaveraged NaviereStokes (RANS) and large eddy simulation (LES)
frameworks was also studied by Ravikanti [3]. The lift-off length and
temperature predictions are very encouraging. However, the presumed delta PDF presents an under-prediction of ﬂame lift-off
length. All the above investigations were conducted based on the
consideration of a steady ﬂamelet solution with reaction progress
variable.
To improve the numerical accuracy, the unsteady ﬂamelet solutions are used in combination with the reaction progress variable
to predict the partially premixed ﬂames. This approach was used
with reasonable success by Pitsch and Ihme [20] in predicting
emissions in non-premixed ﬂames. With this conﬁdence, the present study uses the unsteady ﬂamelet approach with the variations
in scalar dissipation rate, coupled with the reaction progress variable approach, to predict the lifted ﬂames of diesel spray, which is
considered as partially premixed ﬂames. Certainly, the computational cost of the unsteady ﬂamelet approach is marginally greater
than the steady ﬂamelet model. To reduce computational cost,
the delta PDF for both the progress variable and scalar dissipation
rate and the beta PDF for the mixture fraction, are presumed in
this ﬂamelet library. In addition, extensive experimental and numerical investigations [21e23] indicate that the delta PDF is a good
approximation for the scalar dissipation rate. Hence, the objective
of the present work is to capture efﬁciently the auto-ignition and
ﬂame lift-off for diesel spray ﬂames by means of the unsteady/reaction progress variable combustion model in a RANS framework.
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where s, cp, Yi, hi and u_ i are the time, speciﬁc heat at a constant
pressure, mass fraction, enthalpy and chemical production rate of
the ith species, respectively.
Generally, the distribution of the scalar dissipation rate c in the Z
space is presumed. The popular functional form of such a distribution in a counterﬂow diffusion ﬂame is an inverse error function, as
proposed by Peters [7]; however, other expressions have been
proposed [24,25]. The inverse error function can be written as:

cðZÞ ¼

as

p

exp

n

h
i2 o
 2 erfc1 ð2ZÞ

(3)

where as is the strain rate, indicating the maximum velocity gradient and erfc1 is the inverse error function. Eliminating the
physical space parameter as, the scalar dissipation rate at stoichiometric condition is introduced. Thus, the distribution of c as
a function of Z can be rewritten as:
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Thus, the solutions of ﬂamelet equations can be written as f(Z,
cst), where f denotes for species mass fractions, temperature or
chemical source terms.
As shown in Fig. 2, the S-shaped curve of the unsteady ﬂamelet
solutions represents the stoichiometric temperature as the function
of stoichiometric scalar dissipation rate. For a given scalar dissipation rate, there are multiple solutions of stoichiometric temperatures. Deﬁnitely, a new parameter has to be introduced to
parameterise the unsteady ﬂamelet solutions. This parameter, the
so-called reaction progress variable C, identiﬁes the unique state of
each single ﬂamelet along the S-shaped curve covering all the
branches. The reaction progress variable is commonly deﬁned as
the summation of product mass in different ways [19,26e28]. In the
present work, the deﬁnition of Ref. [19] is chosen as follows:
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where cq is the quenching strain rate. With this expression,
~ can be constructed as
a ﬂamelet library of all mean scalars f
~ its variance
a function of the mean values of the mixture fraction Z,
~ and stoichiometric scalar dise002 , reaction progress variable C
Z
sipation ratecf
st .
The unsteady ﬂamelet solutions employed here are solved by
the FlameMaster code developed by Pitsch [29]. The skeletal
mechanism for n-heptane with 43 species and 185 reactions of Liu
et al. [30] is used. In Fig. 2, for a speciﬁc scalar dissipation rate, the
initial conditions start from a non-burning ﬂamelet. As the chemical reaction grows, the temperature continues to increase until
ignition is reached at some mixture fraction. The development of
the temperature proﬁle then ends up at the steady ﬂamelet solution. For n-heptane/air combustion, temperatures up to 2650 K are
observed for small cst and the maximum temperature then drops
beneath 2000 K at a value of about 2100 s1 prior to extinction. As
seen at cst ¼ 100 s1, the peaks of stoichiometric temperature
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Here, the distribution of the mixture fraction is assumed to be
beta-PDF and a delta-function closure for the reaction progress
variable. The distribution of the scalar dissipation rate is assumed to
follow a delta-PDF distribution. Hence, the above equation can be
represented as:
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The reaction progress variable and scalar dissipation rate are
independent of the mixture fraction. These three parameters are
then assumed to be independent of each other and thus, the joint
PDF is simpliﬁed as:
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For construction of the ﬂamelet library, the reaction progress
variable and scalar dissipation rate are independent parameters
together with the mixture fraction. Therefore, each scalar dissipation rate has an individual distribution of reaction progress
variable and mixture fraction. In Fig. 2, the vertical dots in the
middle branch represent the individual unsteady ﬂamelet solutions
between the equilibrium and unburned limits. Thus, each ﬂamelet
solution depends on the mixture fraction Z, the reaction progress

variable C and the stoichiometric scalar dissipation rate cst. The
ﬂamelet space for any scalar can be expressed as:
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slightly shift to lower values of mixture fraction with time. The
development of the reaction progress variable distribution in the
mixture fraction space for various scalar dissipation rates is also
shown in Fig. 3. As the turbulent ﬂuctuation becomes stronger
(higher cf
st ), the peaks of the reaction progress variable distribution
proﬁle (graph on the left) are deﬁnitely lower. This is because the
turbulence signiﬁcantly disturbs the chemical reactions resulting in
a slower burning rate. Again, the time evolution of peaks for the
reaction progress variable proﬁle obviously shifts to lower values of
~ Z
~
mixture fraction. This represents a unique relationship among C,
and cf
st to map a single thermochemical scalar in the unsteady
ﬂamelet approach.
As explained above, the mean thermochemical properties
~ and cf .
~ Z
e002 , C
stored in the ﬂamelet library are a function of Z,
st
These quantities can be determined from the transport equations
for the reaction progress variable, mixture fraction and its variance.
The transport equation for the Favre-averaged reaction progress
variable, based on the assumption of unity Lewis number for all
species involved, is given as:
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where Sm is the mass transfer rate due to the evaporation of the
liquid droplets. The mixture fraction is deﬁned by Bilger [33] as:
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where Cc is about 2.0.
3. Numerical method and validated conﬁguration
In this study, the main effort focuses on the application of spray
on combustion phenomena. In order to simplify, the uncomplicated
geometry of the combustion chamber, as studied here, is axisymmetric, as shown in Fig. 4. The Favre-averaged NaviereStokes
approach is sufﬁciently appropriate to lead to a successful study
on the turbulenceechemistry interaction. Based on the ﬁnite
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where M is the molecular mass and the subscripts C, H and O
indicate the quantities for the elements carbon, hydrogen and oxygen, respectively. The subscripts 1 and 2 refer to the constant mass
fraction in the original fuel and oxidiser streams, respectively.
The mixture fraction variance is also needed when the probability density function must be evaluated. The Favre-averaged
balance equation of the mixture fraction variance can be written as:

(11)

For spray combustion, the mixture fraction is no longer a conserved scalar because of the evaporation of spray droplets [31,32].
In order to take into account the evaporation effect, the transport
equation for mixture fraction is modiﬁed as:
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Fig. 5. Comparison between predicted ﬂame temperature distributions and photographs of ﬂame luminosity [2].

volume method, the solution of the transport equation system is
carried out in an Eulerian framework. All the conservation or
transport equations for both the liquid and gas phases are solved on
the same two-dimensional (z, r) axisymmetric orthogonal computational grid. A staggered grid arrangement is adopted for the
liquid and gas phase velocity components. Euler implicit temporal
differencing and hybrid upwind/central spatial differencing are
employed to render all the liquid and gas phase transport equations
into a ﬁnite volume framework. The sub-models for droplet
breakup, collision, evaporation and the interactions between the
liquid phase and gas phase, are detailed in Beck and Watkins [34],
based on the drop number size moment scheme. In high Reynolds
number spray combustion, a standard ke3 turbulent model can
perform efﬁciently due to low computational cost. The wall function of Launder and Spalding [35] is taken into account for the effects of a near wall ﬂow. The solution algorithm is based on the PISO
algorithm of Issa [36], with the liquid phase equations added to it.

The accuracy of such an approach has been partially assessed in
earlier publications [34,37e43], both in non-reactive and reactive
applications. Numerous grid and time-step dependence tests have
also been carried out in the earlier publications. The results from
those tests have been used to set these parameters in this work.
In the ﬂamelet library generated in this work, the mixture
fraction and its variance spaces are divided into 141 and 21 cells,
respectively. A set of 18 ﬂamelets is created with the stoichiometric
dissipation rate ranging from 0.1 to 2125.13 and the corresponding
extinction limit cst, q is found to be about 2125.13 s1. In every single
dissipation rate step, the reaction progress variable space is subdivided into 29 ﬂamelets. Hence, the thermochemical properties
can be recalled by mapping these ﬂamelets within their validity
ranges.
The experimental investigation used for validation of this simulation model is the diesel spray combustion measurements of
Akiyama et al. [2]. A 0.18-mm-diameter nozzle is used to inject the

Fig. 6. Lifted ﬂame temperature contour predicted by unsteady ﬂamelet model.
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diesel liquid with a maximum pressure of 80 MPa. The air in the
combustion chamber is preheated to 830 K and pressurised to
27 bar. The quantity of liquid diesel injected is 28 mg during the
3.8 ms of the injection period. The ignition delay time is evaluated
by the combustion chamber pressure history and the ﬂame temperature is analysed by the two-colour method. A spray distribution with a Sauter Mean Radius of 10 microns is presumed in this
simulation and the time-step in the calculation is 0.5 ms.
4. Results and discussion
The temperature evolution from the early stage of ignition to
further combustion of the spray, compared with the experimental
results of Akiyama et al. [2], is shown in Fig. 5. The upper and lower
halves of the plots represent the ﬂame temperature contours predicted by the unsteady and steady ﬂamelet models combined with
the reaction progress variable, respectively. In the SFM, the mean
chemical source term of reaction progress variable in Eq. (10) is
obtained by the PDFeEBU scheme proposed by Dhuchakallaya and
Watkins [43]. This source term is a combination of a single-step
chemical reaction rate and Eddy break-up model. In Fig. 5, the
reactive activity begins at the outer edge of the spray, as shown by
means of a locally increased temperature. The ignition kernel of
SFM in particular, occurs close to the place where the ﬂame lift-off
will settle, whereas this activity is placed further downstream in
the UFM. Both models are satisfactory in predicting the ignition
delay time at approximately 2.2 ms; however, the ﬁrst appearance
of the signiﬁcant luminous ﬂame in the experiment is observed
later, at around 2.8 ms. The ﬂame then propagates downstream and
upstream from the ignition locations. The outer edge of the spray is
consequently fully reacted and the combustion region expands to
the inner volume and the maximum temperature continues to rise.
As seen, the SFM presents a slightly larger high-temperature region
than the UFM. In the present work, the ﬂame lift-off length is
deﬁned as the height from the nozzle tip to the threshold temperature. Because there is no certain threshold temperature to
deﬁne the lift-off length in the simulation, the threshold temperature of 2200 K is chosen, as in Refs. [44,45]. The lift-off lengths
obtained from both models are relatively comparable at about
50 mm, as the lift-off length measured directly from photographs is
around 48 mm. This length corresponds to the approximated
power-law scaling of Siebers et al. [46], which gives this value in the
range of 40e55 mm. The ﬂame shapes obtained from the UFM are
more closely related to the luminous ﬂames than those predicted
by SFM, especially in the spray head region.
The lifted ﬂame is represented by the temperature contour, as
shown in Fig. 6, taken at the time of 3.7 ms after injection. In the
inner region of the spray downstream of the lift-off, the temperature gradually increases due to the partially premixed rich ﬂame. It
is clearly shown that higher temperatures appear over the stoichiometric contour, as expected in diffusion ﬂames. The ﬂame liftoff predicted by the unsteady ﬂamelet model is around 51 mm.
From this ﬁgure, it can be stated that the present model is able to
capture, at least qualitatively, the main features of the diesel ﬂame
structure.
The predicted ﬂames clearly emerge prior to the ﬂame luminosity, as seen in Fig. 7 and then the discrepancy of the predicted
ﬂame areas with the experimental results trends towards stable
values. This illustrates that both models give over-predictions of
ﬂame propagation. However, the ﬂame area found in the UFM is
obviously closer to the experimental results than the SFM prediction. This might be because the source term of reaction progress
variable employed in the SFM is based on a chemical time scale that
is derived from a single-step irreversible chemical reaction. This
naturally provides an over-prediction in reaction rate, as has been

Fig. 7. Development of ﬂame area compared with the experimental results of Akiyama
et al. [2].

reported by many researchers. This is also shown in Fig. 5, where
the thicker band of high temperature appears in the SFM prediction. As observed in the experiment, the ﬂame front approaches the
combustion chamber wall at the time of 5.2 ms. Therefore, the
results after the time of 5.2 ms are not considered.
As shown in Fig. 8, the heat release rate in the early stages
slightly decreases below zero due to the heating of the liquid
droplets. It then increases sharply after ignition leading to the peak
reaction rate. Consequently, the shortage of mixing improperly
between fuel vapour and air becomes dominant, resulting in the
diffusion ﬂame behaviour revealed later on. As shown in the
comparison, the SFM prediction apparently correlates well with the
experimental data in the early stages of combustion. This is certainly due to the ﬁne-tuning of the modelling constants of u_ C in the
PDFeEBU approach, which depends on both the structure of the
ﬂame and the chemical reaction. This differs appreciably from the
UFM scheme where u_ C is taken from the ﬂamelet database, which
requires no further tuning. The peak of experimental results is
signiﬁcantly lower than that predicted by both models. However, in
the main combustion, both models function very similarly to the
experimental data. Interestingly, a large discrepancy emerges
beyond 4.8 ms after injection. This might be due to the disturbance
of the wall, which the ﬂame front impacts at a time of 5.2 ms. In all
aspects of comparison, the UFM is apparently better able to match
the experimental results than the SFM prediction.
The distribution of ﬂame temperature in the mixture fraction
space is represented as scatter plots shown in Fig. 9. During the

Fig. 8. Time history of heat release rates compared with the measurements of Akiyama
et al. [2].
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Fig. 9. Scatter plot of predicted temperature in Z space during combustion (blue lines denote to equilibrium states). (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)

heating period in the ﬁrst 2 ms, all temperature data are close to the
mixing limit. Some are located beneath this line due to the evaporating cooling of spray droplets. Auto-ignition takes place at a time
of 2.2 ms and the temperature then starts rising to continue the
main combustion process later on. The predicted temperatures vary
between the mixing and equilibrium states, because the lifted
ﬂame tries to detach and re-ignite in the period of 3 and 4 ms.
Following the end of injection at 3.8 ms, the data begin to depart
from the mixing to equilibrium lines. As the spray combustion
process continues, the temperatures rise increasingly close to the
equilibrium state. Hence, the lifted ﬂame is well represented by this
developed model.
5. Conclusions
In the present study, the unsteady ﬂamelet model, combined
with the reaction progress variable approach, is implemented to
describe and analyse auto-ignition and combustion phenomena

in a turbulent environment for conditions typically encountered
in internal combustion engines. The spray model employed is
based on the droplet size distribution moments approach introduced by Beck [1]. This simulation study with n-heptane as
a surrogate for diesel fuel, demonstrates the model’s capabilities
to capture the spray formation, subsequent auto-ignition and the
existence of a lift-off length. The results show that this approach
appears to be an effective method for capturing essential ﬂame
characteristics, such as auto-ignition and ﬂame lift-off, without
the need to apply any additional ignition model, as compared
with the experimental results of Akiyama et al. [2]. The predicted
ﬂame temperature contours are reasonably comparable to the
formations of luminous ﬂames. However, the UFM provides
a small over-prediction in ﬂame area but overall, the UFM performs slightly better than the SFM. Therefore, the unsteady
ﬂamelet/reaction progress variable model can be applied with
conﬁdence for partially premixed lifted ﬂames, such as diesel
spray in reciprocating engines.
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