2.1 INTRODUCTION Magnitude of
temperature
at a point A
(no direction)

50°C
80 W/m?

N
Magnitude and

direction of heat
flux at the same

point
Q=500 W
Hot Cold
medium medium
- X
0 L
0=-500W
Cold Hot Indicating direction for heat
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0 | L the negative direction)




(a) Rectangular coordinates

() Cylindrical coordinates

point in different coordinate systems

Steédy versus Transient Heat Transfer

Time = 2 P™m Time = 5 pm

15°C 7°C 12°C 5°C

Q| Qz#Q|

(a) Transient

15°C 7°C

(H) Steady-state

() Spherical coordinates

The various distances and angles involved when describing the location of a

Steady and
transient heat
conductionin a
plane wall




M‘ultidimensional Hedt Transfer

Two-dimensional
heat transfer in a
long rectangular bar

Y

Heat transfer
through the
window of a
hourse can be
taken to be one-
dimensional

Negligible
heat transfer

Primary
direction of
heat transfer




dT
slope P 0
T(x)
: dT
Qcond = _kAd_ (\N)
0>0 i
Heat flow

X
The temperature gradient dT/dx is simply
the slope of the temperature curve on a T-x
diagram

Fourier’law as
A, oT

{h " Qn = _kAE (W)

Expressed in term of its
component as

Qn =Qxi +Qyj+Qzk

Heat transfer rate in the x,y,z
direction

: oT s _ a0
Qx__kA(& Qy_ kA/ay

— An isotherm

The heat transfer vector is
always normal to an _ aT
isothermal surface and can be Q, = -KA, o
resolved into its components

like any other vector




Heat Generation

Heat is generated in the
heating coils of an
electric range as a
result of the conversion
of electrical energy to
heat

The absorption of = Sun%
solar radiation by Solar %%@&
water can be radiation

treated as heat

generation

N

Solar energy
absorbed by
water
Water

s = é‘s, ahsorbed(x)

-




Heat transfer

Schematic for
Example 2-1

Hair dryer
iw 1200 W
Schematic for
Example 2-2




Volume

2.2 ONE-DIMENSIONAL HEAT
CONDUCTION EQUATION

'

177,
o

AE

element

II‘ Qx = Qx+Ax + Gelement = At

AEelement = pCAAX(THAt _Tt)

[ 3
‘ C:’element = gAAX
C . Tow-T,
One-dimensional heat T Q, Q.+ JAAX = A =
conduction through a _ '
volume element in a Y _1Qum =0, g :pCTHM -T
large plane wall A AX At

af, ar). . Gl
- 16(kA6T)+g= A i &(ka]+g=pca

Al ax ot
2 s
Constant conductivity g 9 1ot
ox-  k ot
2
Steady — state(d/ ot = 0) d 1- 9. 0
dx= k
2
Transient,no heat generation(g =0) d—I _lat
dx® o ot
d’T

=0

Steady — state,no heat generation(d/ot =0and ¢ =0) e
X




General, one dimensional:

No Steady-
generation state

ot f -

Steady, one-dimensional:

&1

TEi

e . . AE

_ element
Qr _Qr+Ar +Gelement =

At

AEelement = pCAAr(Tt+At _Tt)
Gelement = gAAr

. . Toon — T,
Qr = Qr+Ar + gAAr = pCAAr t+AtAt -

One-dimensional heat - 1Q,+N— Tt
conduction through a
volume element in a

long cylinder

g pC t+At
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- 22

Aor
16( 6Tj g 1loT
I R
ror\ or k a ot
li[rdl]_'.gzo
rdr dr k

16[
—r
ror

Constant conductivity

Steady state (0/ot=0)

Transient noheat generation (g = 0)

oTY . T ‘ 10(, oT) . _aT
- = - - kr_ = -
arj+g . rar( ar)Jrg o

(a) The form that is ready to integrate




Variable conductivity —2—(r2k 6_T)+g=__
r k aot

10

Constant conductivity —(r

1 2@}3 1ot
r2 or

or

Volume

element

Steady state(d/ ot =0) rii(rz d_Tj +% -0

Transient no heat generation(g = 0) ——

One-dimensional heat
conduction through a | steady stateno heat generation(d/at=0,g = 0) %(rzgjzo
volume element in a
sphere

Constant conductivity %iﬂrz ﬂ} L9 1a Steady state(d/at =0) izi(rz —)+7 -0
ror or) k adt rfdr dr) k
. . 10 a1 10T . d dr
Transient no heat generation(g =0, — —|r?=—|===— Steady stateno heat generation(d/ét=0,g =0 —[rz —J =0
g (6=0) r? 6r( ar] a ét v 9 ( 9=0 dr’ dr




; Schematic for

Example 2-3

800 W

Schematic for
Example 2-4

ﬁ L — Resistance
\—/ heater




Metal ball

600°F

Schematic for
Example 2-5

2.3 GENERAL HEAT CONDUCTION EQUATION

Rectangular Coordinate Energy balance on this element

0., C . . : : AE o,
Fras II‘QX + Qy + Qz _Qx+Ax _Qy+Ay _Q1+A1 + Gelement = #
Volume -elemem ~.\ /Hl ’{/?_\-u_\-
o, —
- - AEelement = pCAAXAyAZ(THAt _Tt)
2AxXAyAZ —-l" ) I 3 o
v 0.0 G.iement = GJAAXAYAZ

: 0;
- Ax_T .-f‘n.\'/
v ““I‘r"

¥ 0.
Three-dimensional heat
conduction through a
rectangular volume element




. . . . . X . T+ 7
II‘ QX +QY +Qz _Qx+Ax _Qy+Ay _Qz+Az + QAXAYAZ = ,OCAXAyAZ —( i AtAt t)

||~ 1 Qe —Q 1 Qy+Ay _Qy 1 Q. —-Q, +g =pC(T“A‘ —Tl)
AyAz AX AXAZ Ay AXAY Az At

o( T, af oT) of oT), ._ ~oT
- G (o G
In case constant thermal conductivity.it reduce to

O°T 0T 0T ¢ 14T
ox> oy oz° k acdt

2 - ;

Steady-state ¢ T M n E — 0

0x> /aff Al L
Transient,no 52 2 2
heat ﬂ + -k J — l g
generate x> Loy 0 o gt
Steady- 2 2
stste,no heat o1 _|_/8 =0
generate ox? /Qﬁ
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Cylindrical Coordinates From
X=rcos¢g, y=rsing,and z=1z

After lengthy manipulations, we obtain

10 oT 190 oaT) o(, oT) . oT
S| kKr— |+ 5| kr— |+ = k— |+ d = pc—
ror or re o¢ o) o\ oz ot

A differential volume element in

cylindrical coordinate.

Spherical Coordinates
From

X =rcos¢sing, y=rsingsiné,cosd
After lengthy manipulations, we obtain

ar

" et
rPall o) r’sif@og\ op

A differential volume
element in spherical
coordinate.

lg(krzﬂj 1 0 kaT + 21_ E(ksin@—j+g=pcg
r°sing o6 o0 a
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| Heat
/_ ‘ ﬁloss

Metal | 600°F | T.=65F
billet 1

P | s

Schematic for
Example 2-6.

2.4 BOUNDARY AND INITIAL CONDITION
The differential equation.
=i
w0
General solution:
() = Cyx +,Cy The general solution
of a typical
Sl e differential
Some specific solutions. . .
equationinvolves
Mx)=2x+5 .
T = —x + 12 arbitary
= = constants,andthus
it an infinite number
' of solutions.

15



To describe a heat TT
transfer problem
completely,two

boundary conditions /,ﬁ
must be given for each

direction along which

heat transfer is

~ Some solutions of
d’T
dx?

=0

significant 50°C ¢

b 15°C
|~ The only solution
[ x thatsatisfies
the conditions
T(0) = 50°C
and T(L) = 15°C.

Specified Temperature Boundary

Condition
o T
150°C T(x, 1) 70°C TOH=T,
TLY)=T,
i L x

7(0, 1) = 150°C
T(L,1)=70°C

16



Specified Heat Flux Boundary Condition

oT Heat flux
g=-k—= Iinthe 2)
Heat . OX  positive x- (W/m
flux | Conduction direction
ar1(0. 1)
do=—k=3:
Heat
Conduction| flux
aT(L, 1) _
& ax L
l

Insulate Boundary

/'*' " K or(o,t) 0
Insulation T(x, 1) 60°C —ax =
0 L or
o, Ty _,
a,l' ax
T(L, 1) =60°C

A plane wall with insulation and
specified temperature boundary
conditions




Thermal Symmetry

|,/— Center plane
I

Zero !

slope |
— Temperature
| distribution
; (symmetric
about center
! plane)
0 TL L x
2
IT(L/2, 1) _ 0
dx -

Thermal symmetry boundary condition
at the center plane of a plane wall

aT(Ot)
S

0

Schematic for
Example 2-7.




Convection Boundary'Condition

Convection ‘ Conduction h
2
T

970, ¢
h (T, — T, D] =k ——gx )
- _ Convection
A Conduction | Convection boundary

1
s -~ condition on

h.]

kLD (71, 0 - T,,1 the two
surface of a
0 4 - plane wall.

o

Convection | Conduction
AT, - T(0. B)] = —k 210D
11Ty = T(0, D] ==k =5
h, T The assumed
' ! direction of heat
Convection | Conduction transfer at a
boundary heat no
effect on the
T(0, ¢
M7, 0~ T, ] =k 00 boundary
l condition
> expression.
OT . X p




Insulation

Schematic for
Example 2-8.

Radiation Boundary Condition

Radiation | Conduction

aT(0, 1

£ &
T

surr, 2

g

T

surr, |1

Conduction | Radiation

Radiation boundary
condition  on both

0 | surfaces of a plane wall.
o

k % = gzo'[T(L. -')4 - T:arr. 2]
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Interface Boundary Condition

Interface

>

Material Material
= B

T;‘(x 1) = TB(I L 1)

"m Ty(x, 1)

Boundary condition

Conduction | at the interface of
L G0 Ty D tWOtbotdlesm perfect
AT TP contact.
’ Ixo L x

Schematic for
Example 2-9.




%,

South

Inner
T wall
surface

Conducllon

T., _

Convection |Conduction o Schematic for
,— Outer

surface Example 2-10.
0 L x

2 5 SOLUTION OF STEADY ONE DIMENSIONAL HEAT
CONDUCTION PROBLEMS

Basic steps
involved in the
solution of heat
transfer
problems.

22



Plane
wall
Y RN
Tl T2
Schematic for
Example 2-11.
°1 s

Differential equation:
dr
= "
Integrate:
dl
fu : Cl - -
Integrate again: Obtaining th?
general solution of
G a simple second
General bitrary order_dlfferentlal
solution constants f%q uatlor_l by
mtegratlon.




Boundary condition:
o) =T, When apply a boundary
condition to the general
solution at a specified
point, all occurrences of

General solution:
T(I] = Cl,t’ =+ Cz
Applving the boundary condition:

- _the dependent ar_1d
1 1 independent variables
0 0 should be replaced by
T their specified values at
Substituting: that pOint'

T1=C1XO+C2 = C2=T1

Clt cannot involve v or T{x) after the
boundary condition is applied.

S
— Plane — Plane — — Plane —
— wall — wall — —* wall -
40 Wiem® ~ 40 Wiem® ] " 40 Wiem® -
— Tix) - Tix) - — Tix) —
o - — 25 Wiem® o — 40 W/em?
] 7 2 o % ] 7

(a) (b) ()

Schematic for Example 2-12.
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Differential equation:
T{z)=D0 A boundary-value
General solation: problem may have a
Tx)=Cx + G uniquesolution,infinitely
(@) Unigue solution: many solutions, or no
_ﬂ;% = :];FE } Ty = _%H I, solutions at all.
(h) No solution:

—kT"(0) = q'o} i
S I{x) = None

(c) Multiple solutions:

—kT'(0) = g,

L
—kT’(L)zqfu}T(x)_ T ’Hﬁ?

Arbitrary

Resistance heater

1200 W

Insulation

Base plate
y P

/ 300 cm?

T, =20°C

h

Schematic for
L X Example 2-13.
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Base plate
Heat flux | Conduction
h
dT(0) Lo
0= "
Conduction | Convection
The boundary
conditions on
-k %l =h[T(L)-T,] the base plate
of the iron
0 l - discussed in
TL X example 2-13.

Plane wall AP

Conduction

%, _
Schematic for
Example 2-14.




(1} Rearvange the equation to be soved: A sample method of solving a
T o ”’””"’(%r nonlinear equatiop is to

Fhe equation is 1n the proper form since e | 27 7@NQeE the equation such that

i the unknown is alone on the

2 Gu the val T, ¢ SN K, and . - . .
bt tare tato the riant e orne cquion. | 1€t Side while everythingelse is

e on the right side, and to

T, =2902 K ) ..
(3) Now substiute this value of Ty into the interate after an initial guess
right side af the equation and get until COI’lveI’gence.

T, =293.1K

(4) Repear step (3) unbil convergence o
desired acearacy is aclieved. The
subrequent terations give

Ty =292.6K
T =2R.7K
Ty =2RTK

Therefore, the solution is 7; = 292.7 K. The
nesull is independent of the initial puess.

Schematic for
Example 2-15.
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Basic steps involved in
the solution of the
i(rﬂ) =0 steady one-dimensional
dr dr . .

heat conduction in

Differential equation:

Integrate: cylindrical coordinates.
dr !
Divide by r (r # O):
ar_ &
dr T

Integrate again:
In=Clnr+C,

which is the general solution.

> Schematic for
Example 2-16
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During steady one-
dimensional heat
conduction in a
spherical (or cylindrical)
container,the total rate
of heat transfer remains
constant, but the heat

45 <4 flux decreases with
increasing radius.

== 2T 23375 kW/m?
A 4 (0.08 m)~

1
=2 _ M =216.0 kW/m?

, 4m(0.10m)?

0, 27.14kW
0

2.6 HEAT GENERATION IN A SOLID

Chemical
reactions

Nuclear o
fuel rods Heat generation in

solid is commonly
encountered in
practice.

Electric
resistance
wires




Q= Egcn

Heat generation

:gV

gen

At steady conditions, the entire heat
generated in a solid must leave the
solid through its outer surface.

Heat conducted through a
cylindrical shell of radus r is
equal to the heat generated
within a shell.

from

Q = hA%(Ts _Too) = gV

We obtain 1

T, o7, e B
hA .
Reduces to 1
gL
Ts,planewall = Too +—
h
T, g =T, + 30

s,cylinder o
Y 2h

gr.
Ts,sphere = Toc + 3_|';)

Int. from r=0 to r=r where T(0)=T, and
T(ro)=T,

A-I—mr:xx,(:ylinder =

30



1:1 = Tmas

aTnmx
TY + 1 NT,

i T

Heat generation center

~
-~

1

1

1

I

b Symmetry
line

The maximum Temperature in a
symmetrical solid with uniform heat
generation occurs at its center.

=T, =T, + AT,

Schematic for
Example 2-17.
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Water 226°F
/

e | Schematic for Example
2-18.

L]

|
| @=0

| The thermal stmmetry

g condition at the centerline
of a wire in which heat is
generated uniformly.
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Interface

r

500

P T T

400 = o Silver |
300 — [ Copper
—— = Gold
200 _-h“‘"‘"--.___ T Aluminum
\‘ “:\"‘._-u.."'---...-
ungsien |
— 100 7 o —
e S~ _._...---'> 1
= - 1
é . \ \\ -Plzllllluln
;_ \ 11 Iron
Z |
= 1
= 20 T Stainless steel,
2
8 / | N 204
g 10 Aluminumn :
= oxide s
5 —...____‘\‘ 1t 1
P)'rucel‘;:n?f‘"?—-._
2 1 it
= o
/"""’Fusud quartz
1 -~ LI |

100 300 500 1000 2000 4000
Temperature (K)

Ceramic layer

Schematic for
Example 2-19.

S T, =45°C

2.7 VARIABLE THERMAL CONDUCTIVITY k(T)

Variation of the thermal
conductivity of some
solids with temperature.

33



'

Plane wall
KT =k(1+ B Is called the temperature
D)=k A coefficient of thermal conductivity.
B>0
=0
e
% T The variation of temperature in
> aplane wall during steady one-
p<0 . . .
dimensional heat conduction for
0 . x the case of constant and variable

thermal conductivity.

{kmekou +B

Plane
wall
el B
T, T,
Oe 7 >~

Schematic for
Example 2-20.
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{MD=%U+ﬁh

Bronze
plate

T, =600 K T, =400 K

Schematic for
Example 2-21.

Physical problem

Identify
important
variables Make
reasonable
assumptions and
Apply approximations

relevant
physical laws

A A

A differential equation

Apply
applicable

solution Boundary . )
technique and injtal Mathematical modeling

conditions .
) of physical problems.

Solution of the problem

35



y
yvx+A) -~ _
y'(x) :M = ||mg = ||mw
| dx MSOAX A0 AX
) -l
: Ax |
L
| I
Tangent line : I
1 1 -
x x+Ax x

The derivative of a function at a point
represents the slope of the tangent line of the
function at the point.

OX &0 AX

¥ _ (i y(x,t+At)— y(x,t)
ot Atlao At

Graphical representation of
partial derivative 9z / ox




Some indefinite

jdy N integrals that
involve derivatives.

Jy'a'xzy—l-c
jy"dxzy'-l-C
fyﬂfdx:yﬂ_l_c

jy(la) dx = y(n— Dy ¢

Classification of Differential Equations
(a) A nonlinear equation: _ _
3072 = dyy’ + €2 = 612 Adlffgrentlal '
equation that is
Other (a)nonlinear and
Power | Product nonlinear (b)linear.When
functions checking for
linearity,we
(b) A linear equation: examine the
3x%y” — dxy’ + e¥y = 6x° dep_endent
variable only.
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(a) With constant coefficients: A general form of
V 46y — 2y = ye & differential equation

\/ YUY LY + (Y =RK)
Constant
(b) With variable coefficients:

2
R e o

\/‘ -
A differential equation with

Varjable (a) constant coefficients and
(b) variable coefficients.

Solution of Differential Equations

(a) An algebraic equation:
y:—=7Ty—10=0
Solution: v =2andy =5

Unlike those of

(b) A differential equation: algebraic equations.the
solution of differential
equations are typically
Solution: y = ’* functions instead of
discrete values.

y'=Ty=0
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Function: { = 3¢

Differential equation: ¥y" — 4v = 0

Derivatives of f:
[=-6=
7 e iz

Substituting into v* — 4v = 0:

=420
A = ) 29 darsd A& )
0=0

Verifying that a given
Therefore, the function 3¢ 2*is a solution of function is a solution of

the differential equation " — 4y = 0. : . :
B a differential equation.
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