PROBLEM-Chapter 1-5 (Heat Transfer, Yanus A. Cengel)

1-62 The inner and outer surfaces of a brick wall are maintained at specified
temperatures. The rate of heat transfer through the wall is to be determined.

Assumptions 1 Steady operating conditions exist since the surface temperatures of
the wall remain constant at the specified values. 2 Thermal properties of the wall are
constant.

Properties The thermal conductivity of the wall is given to be k = 0.69 W/m-°C.
Analysis Under steady conditions, the rate of heat transfer through the wall is

o ’\/—
Qcond = kA£ = (0.69W/m -°C)(5><6m2) (20-5)°C =1035W Brick
L 0.3m
wall R
J i L
20°C - 5°C
‘V

1-76 The heat generated in the circuitry on the surface of a 3-W silicon chip is
conducted to the ceramic substrate. The temperature difference across the chip in
steady operation is to be determined.

Assumptions 1 Steady operating conditions exist. 2 Thermal properties of the chip are
constant.
Properties The thermal conductivity of the silicon chip is given to be k = 130 W/m-°
C.
Analysis The temperature difference between the front and back surfaces of the chip
is

A = (0.006 m)(0.006 m) = 0.000036 m?

_Q _ (3W)(0.0005 m)

- —=0.32°C
KA (130 W/m.°C)(0.000036 m?)

Q:kA%——)AT

Ceramic /

substrate Chip
6 x 6 x 0.5 mm




1-102 The convection heat transfer coefficient for heat transfer from an electrically
heated wire to air is to be determined by measuring temperatures when steady
operating conditions are reached and the electric power consumed.

Assumptions 1 Steady operating conditions exist since the temperature readings do
not change with time. 2 Radiation heat transfer is negligible.

Analysis In steady operation, the rate of heat loss from the wire equals the rate of heat
generation in the wire as a result of resistance heating. That is,

Q = Egenerared =VI = (110 V)(3A) =330 W 240°C
The surface area of the wire is ? @3 =0.2 ¢m 8
A, = (7D)L = 7(0.002 m)(1.4 m) = 0.00880 m? L =14
The Newton's law of cooling for convection heat transfer is expressed as Air, 20°C
Q=hA (T, -T,.)

Disregarding any heat transfer by radiation , the convection heat transfer coefficient is
determined to be
0 330 W
T A(T,-T,) (0.00880m?)(240—20)°C
Discussion If the temperature of the surrounding surfaces is equal to the air

temperature in the room, the value obtained above actually represents the combined
convection and radiation heat transfer coefficient.

=170.5W/m? .°C

2-23 We consider a thin spherical shell element of thickness Ar in a sphere (see Fig. 2-17 in the text)..
The density of the sphere is p, the specific heat is C, and the length is L. The area of the sphere normal
to the direction of heat transfer at any location is A= 47r? where r is the value of the radius at that
location. Note that the heat transfer area A depends on r in this case, and thus it varies with location.
When there is no heat generation, an energy balance on this thin spherical shell element of thickness Ar
during a small time interval At can be expressed as

Q' _Q Ar = AEelement
r r+Ar

At
where
AEgiement = Etiat — Bt =MC(Tiar — Ti) = pCAAT(Teope — Tr)
Substituting,
Qr - Qr+Ar + gAAr = pCAAr %

where A =47r2. Dividing the equation above by Ar gives

1 Qr+Ar _Qr _ Tt+At _Tt
A AT P At

Taking the limitas Ar — 0 and At — 0yields

1o(, 6 ar
2 kAl = pc &
Aéf( érj 3

since, from the definition of the derivative and Fourier’s law of heat conduction,

lim QF+AF_QF :in[_mﬂj
Ar—0 Ar ax a a



Noting that the heat transfer area in this case is A=4zr? and the thermal conductivity k is constant,
the one-dimensional transient heat conduction equation in a sphere becomes

15r25r 1
r2al &) aa

where a =k / pC is the thermal diffusivity of the material.

o”ZT 107

Caa’
(a) Heat transfer is transient, (b) it is one-dimensional, (c) there is no heat generation, and (d) the
thermal conductivity is constant.

2-24 For a medium in which the heat conduction equation is given in its simplest by ——

2-25 For a medium in which the heat conduction equation is given in its simplest by

1d rkd—T +¢=0:
r dr dr

(a) Heat transfer is steady, (b) it is one-dimensional, (c) there is heat generation, and (d) the thermal
conductivity is variable.

o aét

(a) Heat transfer is transient, (b) it is one-dimensional, (c) there is no heat generation, and (d) the
thermal conductivity is constant.

2-26 For a medium in which the heat conduction equation is given by %%(rz ﬂj ia
r

2
2-27 For a medium in which the heat conduction equation is given in its simplest by rz—;r+((jj—T =
r r

(a) Heat transfer is steady, (b) it is one-dimensional, (c) there is heat generation, and (d) the thermal
conductivity is constant.

2 2
2-31 For a medium in which the heat conduction equation is given by a—T 6—2 1ar,
x2 oy« at

(a) Heat transfer is transient, (b) it is two-dimensional, (c) there is no heat generation, and (d) the
thermal conductivity is constant.

2-77 A 2-kW resistance heater wire with a specified surface temperature is used to

boil water. The center temperature of the wire is to be determined.

Assumptions 1 Heat transfer is steady since there is no change with time. 2 Heat
transfer is one-dimensional since there is thermal symmetry about the center line and
no change in the axial direction. 3 Thermal conductivity is constant. 4 Heat generatlon

in the heater is uniform.

Properties The thermal conductivity is given to be k = 20 W/m-°C. ~[\
Analysis The resistance heater converts electric energy : 110°C
into heat at a rate of 2 KW. The rate of heat generation i
per unit volume of the wire is !
- - L———>r
_Qun _ Qo _ 2000 W =1.455x108 W/m?3 !
Vaie 2L 7(0.0025m)? (0.7 m) D!

The center temperature of the wire is then determined from Eq. 2-71 to be i




ir. 2 8 3 2
gr-O — 1100C + (1455X10 W/m )(00025 m)
4k 4(20 W/m.°C)

=121.4°C

To =T +

3-1C (a) If the lateral surfaces of the rod are insulated, the heat transfer surface area of the cylindrical
rod is the bottom or the top surface area of the rod, A, =aD%/4 . (b) If the top and the bottom

surfaces of the rod are insulated, the heat transfer area of the rod is the lateral surface area of the rod,
A=7DL.

3-2C In steady heat conduction, the rate of heat transfer into the wall is equal to the rate of heat transfer
out of it. Also, the temperature at any point in the wall remains constant. Therefore, the energy content
of the wall does not change during steady heat conduction. However, the temperature along the wall
and thus the energy content of the wall will change during transient conduction.

3-3C The temperature distribution in a plane wall will be a straight line during steady and one
dimensional heat transfer with constant wall thermal conductivity.

3-4C The thermal resistance of a medium represents the resistance of that medium against heat
transfer.

3-5C The combined heat transfer coefficient represents the combined effects of radiation and
convection heat transfers on a surface, and is defined as heompined = Neconvection + Nradiation- 1t Offers the
convenience of incorporating the effects of radiation in the convection heat transfer coefficient, and to
ignore radiation in heat transfer calculations.

3-6C Yes. The convection resistance can be defined as the inverse of the convection heat transfer
coefficient per unit surface area since it is defined as R.,,, =1/ (hA).

3-7C The convection and the radiation resistances at a surface are parallel since both the convection
and radiation heat transfers occur simultaneously.

3-8C For a surface of A at which the convection and radiation heat transfer coefficients are
heonv @Nd hroq ,  the single equivalent heat transfer coefficient is hq, = hegny +Nyag When the medium

and the surrounding surfaces are at the same temperature. Then the equivalent thermal resistance will
be Reqy =1/ (heqy A) -

3-9C The thermal resistance network associated with a five-layer composite wall involves five single-
layer resistances connected in series.

3-22E The inner and outer surfaces of the walls of an electrically heated house remain at specified
temperatures during a winter day. The amount of heat lost from the house that day and its its cost are to
be determined.

Assumptions 1 Heat transfer through the walls is steady since the surface temperatures of the walls
remain constant at the specified values during the time period considered. 2 Heat transfer is one-
dimensional since any significant temperature gradients will exist in the direction from the indoors to
the outdoors. 3 Thermal conductivity of the walls is constant.

Properties The thermal conductivity of the brick wall is given to be k = 0.40 Btu/h-ft-°F.
Analysis We consider heat loss through the walls only. The total heat transfer area is

A=2(40x9+30x9) =1260 ft*

The rate of heat loss during the daytime is

G5-49°F _ 40 Btu/h

Quay = kA% = (040 Btu/ h.ft.° F)(1260 ft?)

T1




The rate of heat loss during nighttime is

. T,-T
Quight = kA L

= (0.40 Btu/h.ft.°F)(1260 ft?)

(85-35)°C _ 10,080 Btu/h
1ft

The amount of heat loss from the house that night will be

Q= %—)Q Qt =10Qy, +14Qgy = (10 h)(5040 Btu/ h) + (14 h)(10,080 Btu/ h)

=191,520 Btu

Then the cost of this heat loss for that day becomes
Cost = (191,520/ 3412 kWh)($0.09/ kWh) = $5.05

3-57 A composite wall consists of several horizontal and vertical layers. The left and right surfaces of
the wall are maintained at uniform temperatures. The rate of heat transfer through the wall, the
interface temperatures, and the temperature drop across the section F are to be determined.
Assumptions 1 Heat transfer is steady since there is no indication of change with time. 2 Heat transfer
through the wall is one-dimensional. 3 Thermal conductivities are constant. 4 Thermal contact
resistances at the interfaces are disregarded.

Properties The thermal conductivities are given to be kA = kF = 2, kB = 8, kC = 20, kD = 15, kE = 35
W/m-°C.

. . . 2 .
Analysis (a) The representative surface area is A=012x1=012m" The thermal resistance network
and the individual thermal resistances are R,
Rl

R i Ry
3
A AT BV RV

R, =R, (Lj 0.01m = 0.04°C/W
kA), (2W/m.°C)(0.12m?)
:( ) _ 0.05m — 0.06°C/W
¢ (20 W/m.°C)(0.04 m?)

_ (Lj 005m ____ _o16°ciw
KAJg (8 W/m.°C)(0.04m*?)

_ :(Lj 0.1m —=0.11°C/W
KAJy  (15W/m.° C)(0.06 m?)

_R, = (L) 0.1m ~0.05 °C/W
KAJ.  (35W/m.°C)(0.06 m?)

“R. - (L) 0.06 m = 0.25°C/W
KA. (2 wW/m. °C)(0 12m?)

1.t 1 L 1 R, =0.025°C/W
Rm,dl R, R. R4 006 0.16  0.06
r 1, 1_ 1.1 Ry » = 0.034°C/W
Rugs Re R, 0.1 005

Row =Ry + Ryig 1 + Ruig » + Ry =0.04+0.025+0.034 + 0.25 = 0.349 °C/W

o_Ta-T.o _(300-1001C
Ro 0.349°C/W

Then steady rate of heat transfer through entire wall becomes
(5m)(8 m)
0.12m?

total —

=572 W (fora 0.12 mx1m section)

Qutar = (572 W) =1.91x10° W



(b) The total thermal resistance between left surface and the point where the sections B, D, and E meet
is

Rioal = Ry + Rpig 1 =0.04 +0.025 = 0.065 °C/W
Then the temperature at the point where the sections B, D, and E meet becomes

. T.-T .
Q=-2—— 5T =T, —QRyy =300°C — (572 W)(0.065 °C/W) = 263°C
total

(c) The temperature drop across the section F can be determined from

Q- i—T > AT =OR;. = (572 W)(0.25°C/W) = 143°C

F

3-75E A steam pipe covered with 2-in thick fiberglass insulation is subjected to
convection on its surfaces. The rate of heat loss from the steam per unit length and the
error involved in neglecting the thermal resistance of the steel pipe in calculations are
to be determined.

Assumptions 1 Heat transfer is steady since there is no indication of any change with
time. 2 Heat transfer is one-dimensional since there is thermal symmetry about the
center line and no variation in the axial direction. 3 Thermal conductivities are
constant. 4 The thermal contact resistance at the interface is negligible.

Properties The thermal conductivities are given to be k = 8.7 Btu/h-ft-°F for steel and
k = 0.020 Btu/h-ft-°F for fiberglass insulation.

Analysis The inner and outer surface areas of the insulated pipe are
. = 2D, L = 7(35/12 ft)(1 ft) = 0.916 ft?
A‘ ﬂDI ﬂ-( )( ) Ri Rninn Rinculafinn Rn

Ao = DL = A(E12 A =209 1, AWM AWM T

The individual resistances are

Ri=—t - = = 0.036h-°F/Btu
hiAi (30 Btu/h.ft2.°F)(0.916 ft?)
R ZR. = In(r, /1)) _ In(2/1.75) 0,002 h-°E/Btu
LU T on L 27(8.7 BtuhftoF)(Lft)
R, =R I3 /r) _ In4/2) =5.516h-°F/Btu
27 Timdion T okl 272(0.020 Btuh ftoF) (L)
1 1

Ro=1—= o ——=0.096 h-°F/Btu
oA, (5Btu/h.ft?.° F)(2.094 ft?)

Rital = Ry + Ry + R, + R, =0.036+0.002+5.516+0.096 = 5.65 h - °F/Btu

Then the steady rate of heat loss from the steam per ft. pipe length becomes
G- T.1-T, (450 —-55)°F

= =69.91Btu/h
R 5.65 h°F/Btu

total

If the thermal resistance of the steel pipe is neglected, the new value of total thermal
resistance will be

Rotal = Ri + R, + R, =0.036+5.516 +0.096 = 5.648 h°F/Btu
Then the percentage error involved in calculations becomes

(5.65-5.648)h° F / Btu
565 h°F/ Btu

which is insignificant.

error% = x100=0.035%




4-14 The temperature of a gas stream is to be measured by a thermocouple. The time it takes to register
99 percent of the initial AT is to be determined.

Assumptions 1 The junction is spherical in shape with a diameter of D = 0.0012 m. 2 The thermal
properties of the junction are constant. 3 The heat transfer coefficient is constant and uniform over the
entire surface. 4 Radiation effects are negligible. 5 The Biot number is Bi < 0.1 so that the lumped
system analysis is applicable (this assumption will be verified).

Properties The properties of the junction are given to be k =35 W/m.°C, p=8500 kg/m?®, and
C,=320J/kg.°C.
Analysis The characteristic length of the junction and the Biot number are

3
\Y% _ D /6=E=0.006132m=0.0002m

i Asurface 7ZD2 6
hL, _ (65W/m?.°C)(0.0002 m)

L

Bi = =0.00037 <01
k (35W/m.°C)
Since Bi < 0.1, the lumped system analysis is applicable. hGis -
Then the time period for the thermocouple to read 99% of T — U Junction
the initial temperature difference is determined from ::
_ D
TO-T2 _o01
T-T,
hA h 65W/m?.°cC

11955

b = = = = 0_
PV pCpL. (8500 kg/ m?)(320 J/kg.°C)(0.0002 m)

TO-T,

—eht 0,01 = g~ (011955t
Ti - Too

——>t=385s



4-34 An egg is dropped into boiling water. The cooking time of the egg is to be determined. V
Assumptions 1 The egg is spherical in shape with a radius of r0 = 2.75 cm. 2 Heat conduction in the
egg is one-dimensional because of symmetry about the midpoint. 3 The thermal properties of the egg
are constant. 4 The heat transfer coefficient is constant and uniform over the entire surface. 4 The
Fourier number is T > 0.2 so that the one-term approximate solutions (or the transient temperature
charts) are applicable (this assumption will be verified).

Properties The thermal conductivity and diffusivity of the eggs are given to be k = 0.6 W/m.°C and o =
0.14x10-6 m2/s.

Analysis The Biot number for this process is

2o
Bi :hi: (1400 W/ m=, C)£0.0275 m) 642 Water
k (0.6 W/ m.°C) o970
The constants 4, and Alcorresponding to this Biot

number are, from Table 4-1,
A, =3.0877 and A, =1.9969
Then the Fourier number becomes
To-T, 70-97
O T T T, 8-97
Therefore, the one-term approximate solution (or the transient temperature charts) is applicable. Then

the time required for the temperature of the center of the egg to reach 70°C is determined to be

. (0.198)(0.0275m)?

a  (0.14x1075 m?/s)

N LN (1.9969)e T _ ;1 _0108~0.2

t= =1068s=17.8min

4-54 The center temperature of potatoes is to be lowered to 6°C during cooling. The cooling time and
if any part of the potatoes will suffer chilling injury during this cooling process are to be determined.
Assumptions 1 The potatoes are spherical in shape with a radius of r0 = 3 cm. 2 Heat conduction in the
potato is one-dimensional in the radial direction because of the symmetry about the midpoint. 3 The
thermal properties of the potato are constant. 4 The heat transfer coefficient is constant and uniform
over the entire surface. 5 The Fourier number is t > 0.2 so that the one-term approximate solutions (or
the transient temperature charts) are applicable (this assumption will be verified).

Properties The thermal conductivity and thermal diffusivity of potatoes are given to be k = 0.50 W/m-°
Cand o = 0.13x10-6 m2/s.

Analysis First we find the Biot number; Air
2.0 2°C
Bi:m:(mW/m . C)(O.OSm)Zl14 i

k 05W/m.°C S

_—

From Table 4-1 we read, for a sphere, Al =

- . e
1.635 and Al = 1.302. Substituting these values Potato
into the one-term solution gives Ti =25°C
e

- ;O_Iw = Agfr > % =1302e-(1635)27 _y +=0753
i~ o -

which is greater than 0.2 and thus the one-term solution is applicable. Then the Cooling time becomes
[24 T 2 0.7 2
T= . .
= _t > t _O = M

re @ 0.13x10%m?/s

The lowest temperature during cooling will occur on the surface (r/r0 = 1), and is determined to be
T()-T, A e_ﬂqz, sin(A,r /1) _)T(ro)—Tw _0 sin(Ayrg /'1rg) _ Ty =T, sin(A4ry /1)

&

=52135=1.45h

T,-T, 1 Arit, T,-T, O Aty Ti-T, Arlr
T(ry)-2 —2 \sin(L.
(ry) :( 6-2 jsm(l 635 rad) ) T(ry) = 4.44°C
252 252 1.635

Substituting,



which is above the temperature range of 3 to 4 °C for chilling injury for potatoes. Therefore, no part of
the potatoes will experience chilling injury during this cooling process.

Alternative solution We could also solve this problem using transient temperature charts as follows:

1 _ k _ 050wm°C

B hr, | (Low/m? -

o o (19W/m?2.°C)(0.03m) . a_; 075  (Fig.4-159)
Q:E:o,lm o

T,-T, 25-2

Ctr’  (075)(0.03)2
o 013x10°m?/s

=51925=1.44 h
Therefore,
The surface temperature is determined from
—=—=0877
Bl O 46 (Fig. 4-156
r 1,71, 0 (Flg-4-150)

which gives Taurtace = Too +0.6(T, —T,,) =2+ 0.6(6—-2) =4.4°C

The slight difference between the two results is due to the reading error of the charts.

4-47 A hot dog is dropped into boiling water, and temperature measurements are
taken at certain time intervals. The thermal diffusivity and thermal conductivity of the
hot dog and the convection heat transfer coefficient are to be determined.
Assumptions 1 Heat conduction in the hot dog is one-dimensional since it is long and
it has thermal symmetry about the center line. 2 The thermal properties of the hot dog
are constant. 3 The heat transfer coefficient is constant and uniform over the entire
surface. 4 The Fourier number is t > 0.2 so that the one-term approximate solutions
(or the transient temperature charts) are applicable (this assumption will be verified).

Properties The properties of hot dog available are given to be p = 980 kg/m® and Co=
3900 J/kg.°C.

Analysis (a) From Fig. 4-14b we have

emen],
-1, — l
S B, O Water
0 o
L | aner
rO rO
The Fourier number is determined from Fig. 4-14a° Hot dog
%:%:0.15
| I
° r=2 020
To-T, _59-94_, .|
T,-T, 20-94

The thermal diffusivity of the hot dog is determined to be

o 0.2r,>  (0.2)(0.011m)?
t 1205

=2.017x10"" m?/s

ot
— = 0.20

fo

(b) The thermal conductivity of the hot dog is determined from
k=0pC, =(2.017x10~" m?/s)(980 kg/m®)(3900 J/kg.°C) = 0.771 W/m. °C



(c) From part (a) we have % = % =0.15. Then,

| 0
% =0.15r, = (0.15)(0.011m) = 0.00165m
Therefore, the heat transfer coefficient is

k _0.771W/m.°C

= =0.00165 h =467 W/m 2.°C
h 0.00165m

4-50 A person puts apples into the freezer to cool them quickly. The center and
surface temperatures of the apples, and the amount of heat transfer from each apple in
1 h are to be determined.

Assumptions 1 The apples are spherical in shape with a diameter of 9 cm. 2 Heat
conduction in the apples is one-dimensional because of symmetry about the midpoint.
3 The thermal properties of the apples are constant. 4 The heat transfer coefficient is
constant and uniform over the entire surface. 5 The Fourier number is t > 0.2 so that
the one-term approximate solutions (or the transient temperature charts) are applicable
(this assumption will be verified).

Properties The properties of the apples are given to be k = 0.418 W/m.°C, p = 840
kg/m?®, C, = 3.81 kJ/kg.°C, and a = 1.3x10°" m?/s.

Analysis The Biot number is

hr, _ (8W/m?.°C)(0.045m) Air

Bi = - 0.861 o
K (0.418 W/m.°C) =-15°C

The constants 1, and A, corresponding
to this Biot number are, from Table 4-
1,

2, =1.476 and A, =1.2390 Apple

The Fourier number is . =20°C
_ ot (13x10”" m?/s)(1 hx 36005/ h)

ré (0.045 m)?

=0231>02

Then the temperature at the center of the apples becomes

T,-T T, —(-15
T A g E 1‘5;'=(1-239)e-<1-476’2<°-23” =0.749——To =112°C
i~ o -\

eo,sph =
The temperature at the surface of the apples is
O(Fy ) = T(r,,t)-T, _ Ale—ﬂfr sin(4,1, /15) _ (1.239)6—(1.476)2(0.231) sin(1.476 rad)
T, -T, Ar, 1T, 1.476
T(r,,t)—(-15)
20— (-15)

The maximum possible heat transfer is

=0.505

=0.505—>T(r,,t) =2.7°C

m=pV = p%nr(f = (840 kg/ms)E 1(0.045 m)3} =0.3206 kg
Qmax =MC, (T; —T,,) = (0.3206 kg)(3.81kJ/kg.°C)[20 — (—15)FC = 42.76 k]

Then the actual amount of heat transfer becomes



sin(1.476 rad) — (1.476) cos(1.476 rad)
(1.476)°

Sin(Ay) — A4 cos(rq)
3

=1-3(0.749) =0.402

Q
= 1_3eo,sph

max 1
Q = 0.402Q,5 = (0.402)(42.76 kJ) = 17.2kJ
4-67 A thick wood slab is exposed to hot gases for a period of 5 minutes. It is to be
determined whether the wood will ignite.

Assumptions 1 The wood slab is treated as a semi-infinite medium subjected to
convection at the exposed surface. 2 The thermal properties of the wood slab are
constant. 3 The heat transfer coefficient is constant and uniform over the entire

surface.

Prozperties The thermal properties of the wood are k = 0.17 W/m.°C and o = 1.28x10°
ms.

Analysis The one-dimensional transient temperature distribution in the wood can be
determined from

TxH-T — erfc| — —exp) m+ h“at erfc| —— + hat
T, —Ti 2ot k  k? Ntk

where Wood
Slab
hat  (35W/m?2.°C)y/(1.28x107 m? /5)(5x605) =
- ~1.276 Hot
k 0.17 W/m.°C
) s gases
hkzat =(h k“t] ~1.2762 =1.628 T = L=0.3
—_—
Noting that x = 0 at the surface and using Table 4-3 for erfc values, —
% — erfc(0) — exp(0 -+ 1.628)erfc(0-+1.276) —
=1-(5.0937)(0.0727)
=0.630

Solving for T(x, t) gives
T(x,t) =356°C

which is less than the ignition temperature of 450°C. Therefore, the wood will not
ignite.



5-18 A plane wall with variable heat generation and constant thermal conductivity is subjected to
insulation at the left (node 0) and radiation at the right boundary (node 5). The finite difference
formulation of the boundary nodes is to be determined.

Assumptions 1 Heat transfer through the wall is given to

. - ,_/\-—\AA/\_
be steady and one-dimensional, and the thermal
conductivity to be constant. 2 Convection heat transfer is Radiati
- adiation
negligible. Insulated 9 T
Analysis Using the energy balance approach and taking the - Teurr
direction of all heat transfers to be towards the node under Ax €
consideration, the finite difference formulations become 0 ) e o >
T-Ty . 1 2 3 45
Left boundary node: kAA—+ 0o (AAX/2)=0
X
T4 —T5 — ]

Right boundary node: goA(Toy —Te ) +kA

surr

+0s (AAX/2) =0



5-24 A uranium plate is subjected to insulation on one side and convection on the other. The finite
difference formulation of this problem is to be obtained, and the nodal temperatures under steady

conditions are to be determined.

Assumptions 1 Heat transfer through the wall is steady since there is no indication of change with time.
2 Heat transfer is one-dimensional since the plate is large relative to its thickness. 3 Thermal

conductivity is constant. 4 Radiation heat transfer is negligible.

Properties The thermal conductivity is given to be k = 28 W/m-°C.
Analysis The number of nodes is specified to be M = 6. Then the nodal spacing Ax becomes

L 0.05m

AX=—=
M-1 6-1

=0.01lm

This problem involves 6 unknown nodal temperatures, and thus we need to have 6 equations to
determine them uniquely. Node 0 is on insulated boundary, and thus we can treat it as an interior note
by using the mirror image concept. Nodes 1, 2, 3, and 4 are interior nodes, and thus for them we can
use the general finite difference relation expressed as

T 2T 4T . ¢
m—1—m+m+1+ng=o, for m=0, 1,2, 3,and 4

AX?

Finally, the finite difference equation for node 5 on the right surface subjected to convection is
obtained by applying an energy balance on the half volume element about node 5 and taking the
direction of all heat transfers to be towards the node under consideration:

Node 0 (Left surface - insulated) :

Node1 (interior) :

Node 2 (interior) :

Node 3 (interior) :

Node 4 (interior) :

Node 5 (right surface - convection) : h(T,, —Ts)+k

where

problem.

AX? k
To—2T,+T, g
0 1tl2 9 _
AX? k
T, - 2T
1-2T, + Ty 9 9
AX? k
T, -2T
2 31Ty 90
AX? k
Ty —2T
3 4+Ts 99
AX? k

T4 _T5

Insulated
e

h! T(X:

+G(AX/2) =0

AXx=0.01m, g =6x10° W/m?, k =28 W/m-°C, h=60W/m?.°C, andT,, =30°C.  This
system of 6 equations with six unknown temperatures constitute the finite difference formulation of the

(b) The 6 nodal temperatures under steady conditions are determined by solving the 6 equations above
simultaneously with an equation solver to be

Ty =556.8°C,

T, =555.7°C, T,=552.5°C, T;3=547.1°C,

T,=539.6°C,

and Ts=530.0°C

Discussion This problem can be solved analytically by solving the differential equation as described in
Chap. 2, and the analytical (exact) solution can be used to check the accuracy of the numerical solution

above.



5-29 A plate is subjected to specified heat flux and specified temperature on one side, and no
conditions on the other. The finite difference formulation of this problem is to be obtained, and the
temperature of the other side under steady conditions is to be determined.

Assumptions 1 Heat transfer through the plate is given to be steady and one-dimensional. 2 There is
no heat generation in the plate.

Properties The thermal conductivity is given to be k = 2.5 W/m-°C. T S——————
Analysis The nodal spacing is given to be Ax=0.06 m. Jdo

Then the number of nodes M becomes —

T
Mot 41203M 1 6 S
AX 0.06 m —

Nodes 1, 2, 3, and 4 are interior nodes, and thus for them or 1 2 3 45
we can use the general finite difference relation expressed as ]

Tm—l - 2Tm + Tm-*—l
AX?
The finite difference equation for node 0 on the left surface is obtained by applying an energy balance

on the half volume element about node 0 and taking the direction of all heat transfers to be towards the
node under consideration,

+ng:O = T —2Ty+T,1=0 (sinceg=0), for m=1,2,3,and 4

T,-T T, -60°
4o +k—=—2=0 700 W/m? + (2.5 W/m-°C) - 00°C _
AX 0.06 m

T, =43.2°C

Other nodal temperatures are determined from the general interior node relation as follows:

m=1: T, = 2T, ~ Ty = 2x43.2-60 = 26.4°C

m=2: T, =2T,-T, =2x26.4-43.2=9.6°C
m=3: T, =2T;—T, =2x9.6-26.4=-7.2°C
m=4: Ty = 2T, —T, = 2x(~7.2)—9.6 = —24°C

Therefore, the temperature of the other surface will be —24°C

Discussion This problem can be solved analytically by solving the differential equation as described in
Chap. 2, and the analytical (exact) solution can be used to check the accuracy of the numerical solution
above.

5-84 A uranium plate initially at a uniform temperature is subjected to insulation on
one side and convection on the other. The transient finite difference formulation of
this problem is to be obtained, and the nodal temperatures after 5 min and under
steady conditions are to be determined.

Assumptions 1 Heat transfer is one-dimensional since the plate is large relative to its
thickness. 2 Thermal conductivity is constant. 3 Radiation heat transfer is negligible.

Properties The conductivity and diffusivity are given to be k = 28 W/m-°C and
a=125x10"° m?/s.

Analysis The nodal spacing is given to be Ax = 0.02 m. Then the number of nodes
becomes M =L/Ax+1 = 0.08/0.02+1 = 5. This problem involves 5 unknown nodal
temperatures, and thus we need to have 5 equations. Node 0 is on insulated boundary,
and thus we can treat it as an interior note by using the mirror image concept. Nodes



1, 2, and 3 are interior nodes, and thus for them we can use the general explicit finite
difference relation expressed as

Tioa =20+ Ty + S = —n
T

gl Ax?

ST = (T +To ) +A-20)T) +7
The finite difference equation for node 4 on the right surface subjected to convection
is obtained by applying an energy balance on the half volume element about node 4

and taking the direction of all heat transfers to be towards the node under

. . — T ~————————
consideration:
: i+l i i i goAX2 Insulate g
NodeO (insulated):  To™ =7(T; +T1 )+ (Q—-27)Ty +7 — A
2
I i1 i i i GoAX AR
Node1 (interior) : T/ =0Ty +T,)+(1-20)T) +7 0 1 2 3
P i+1 i T P GoA
Node 2 (interior) : T, =7(Ty +T3)+(1-27)T, +7 ]
I i+l i i i GoA
Node 3 (interior) : T3 =7(Ty +T4)+(1-20)T; +7
Node 4 (convection): h(T,, -T,)+k—=——-* +goﬁ=pﬁc 4 4
2 2 At
. . . 5 (AX) 2
or VN FEPYIPHLE JEPY SR RLES S (1)
k k k
where  Ax=0.02m, g, =10° W/m?3, k =28 W/m-°C, h=35W/m?.°C, T, =20°C , and

a=125x10"% m?/s. The upper limit of the time step At is determined from the stability
criteria that requires all primary coefficients to be greater than or equal to zero. The
coefficient of T, is smaller in this case, and thus the stability criteria for this problem

can be expressed as

2
1—27—21%20 - rS; - AtsL
k 2(1+hAx/ k) 2a(1+hAx/K)

since z=aAt/Ax*. Substituting the given quantities, the maximum allowable the time
step becomes

A< (0.02m)?

 2(12.5x107% m?2/s)[1+ (35 W/m?.°C)(0.02 m) /(28 W/m.°C)]

Therefore, any time step less than 15.5 s can be used to solve this problem. For
convenience, let us choose the time step to be At = 15 s. Then the mesh Fourier
number becomes
aAt _ (125x107° m? /5)(15 5)
AX? (0.02 m)?
Substituting this value of r and other given quantities, the nodal temperatures after
5x60/15 = 20 time steps (5 min) are determined to be

=15.65

= 046875




After 5 min: T, =228.9°C, T1=228.4°C, T,=226.8°C, T3=224.0°C, and T,
=219.9°C

(b) The time needed for transient operation to be established is determined by
increasing the number of time steps until the nodal temperatures no longer change. In
this case steady operation is established in ---- min, and the nodal temperatures under
steady conditions are determined to be

To=2420°C, T1=2413°C, T,=2391°C, T53=2356°C, and T,=2306°C

Discussion The steady solution can be checked independently by obtaining the
steady finite difference formulation, and solving the resulting equations
simultaneously.



5-87 Heat conduction through a long L-shaped solid bar with specified boundary
conditions is considered. The temperature at the top corner (node #3) of the body after
2, 5, and 30 min is to be determined with the transient explicit finite difference
method.

Assumptions 1 Heat transfer through the body is given to be transient and two-
dimensional. 2 Thermal conductivity is constant. 3 Heat generation is uniform.
Properties The conductivity and diffusivity h, T.

are given to be k = 15 W/m-°C and 1 2

a=32x10"° m?/s. d

Analysis The nodal spacing is given to be
y pacingisg qu qn 5 5 ,

Insulate

Ax=Ax=1=0.015 m. The explicit finite . . .
difference equations are determined on the
basis of the energy balance for the transient

L/

case expressed as A
m m

)"+ Gliement = MNetementC
ZQ element = PVelement At

All sides
The quantities h, T, g, andg; do not change with time, and thus we do not need to

use the superscript i for them. Also, the energy balance expressions can be simplified
using the definitions of thermal diffusivity «=k/(poC) and the dimensionless mesh

Fourier number r=aAt/1> where Ax=Ay=1. We note that all nodes are boundary

nodes except node 5 that is an interior node. Therefore, we will have to rely on energy
balances to obtain the finite difference equations. Using energy balances, the finite
difference equations for each of the 8 nodes are obtained as follows:

szi - " |_T4i -, +g0£:p£CT1i+l_T1i
2 | 2 | 4 4 At

1 2+kl— 3 2+k| 5 2+g'0|_:p|_c 2 2
2 | 2 2 At

1 To-Tg (M Te-Tg 12 12 T3"-Tg

3 .
— +go—=p—0C
2 1 21 Yoy TPy At

Node 1: qL12+h'E(Tw ~T)+k

Node 2: hI(T,, —Tzf)+k|5

Node 3: hI(T,, —T,)+k

_ _ _ _ 512
(1t can be rearranged as T.* = 1-ar—ar Mol ) o +2mTOO ML )
3 k 3 4 6 k 2k

Ti_Ti 140_TI Ti_Ti 2 2 Ti+1_-|—i
In 4 4 ! 4 L kl== 4+gol_=p|_cu
2 | 2 | | 2 2 At

Node 4: g, I +k

NN Co( jol?
Node 5 (interior): Td* = (1— 47)T ] +T[T2| FT)+Td 4140+ g‘:( j

Node 6:
140 —T, Ti T 2 2 i _Ti

6 pyllizle g 30 _ 3 cTe =T
| 2 | 4 4 At

I_Tei—T7i+k|_T8i—T7i+k|14O—T7i+g ﬁzpﬁcT;“—T;
2 1 2 | [ ) 2 At

I1T-Tg 1 8 gy = plcle —Ts
2 | 2 | 4 4 At

_ T
hI(T,, —T6')+kIET3 |T6 TR |T6 +kl

Node 7: hI(T,, —T;)+k

Node 8: h'E(rm ~Ta)+k



where g, =2x10" W/m®, g, =8000W/m?, | = 0.015 m, k =15 W/m-°C, h = 80
W/m?*.°C, and T, =25°C.

The upper limit of the time step At is determined from the stability criteria that
requires the coefficient of T! in the T!*' expression (the primary coefficient) be
greater than or equal to zero for all nodes. The smallest primary coefficient in the 8
equations above is the coefficient of Ti in the Ti™ expression since it is exposed to
most convection per unit volume (this can be verified), and thus the stability criteria
for this problem can be expressed as

hl 1 12
1-47-47—>0 —» 7<——— 5 At<————
k 4(1+hl/k) 4a(1+hl/k)

since 7 =aAt/1%. Substituting the given quantities, the maximum allowable value of
the time step is determined to be
2
At < (0.015m) 16
4(3.2x10°% m?2/s)[1+ (80 W/m?2.°C)(0.015 m) /(15 W/m.°C)]
Therefore, any time step less than 16.3 s can be used to solve this problem. For

convenience, we choose the time step to be At = 15 s. Then the mesh Fourier number
becomes

-6 2
=28 (3210 7 MTSISS) _ 5953 (for At=155)
2 (0.015m)?

Using the specified initial condition as the solution at time t = 0 (for i = 0), sweeping
through the 9 equations above will give the solution at intervals of 15 s. Using a
computer, the solution at the upper corner node (node 3) is determined to be 441, 520,
and 529°C at 2, 5, and 30 min, respectively. It can be shown that the steady state
solution at node 3 is 531°C.

5-107 Starting with an energy balance on a volume element, the three-dimensional transient explicit
finite difference equation for a general interior node in rectangular coordinates for T(x, Y, z, t) for the
case of constant thermal conductivity k and no heat generation is to be obtained.

Analysis We consider a rectangular region in which
heat conduction is significant in the x and y directions.

n+1
There is no heat generation in the medium, and the
thermal conductivity k of the medium is constant. Now
S L . m+1
we divide the x-y-z region into a mesh of nodal points /

which are spaced Ax, Ay, and Az apart in the x, y, and
z directions, respectively, and consider a general Az

interior node (m, n, r) whose coordinates are x = mAx, y roe— -1 *r+l
= nAy, are z = rAz. Noting that the volume element /
centered about the general interior node (m, n, r) /
involves heat conduction from six sides (right, left, m-1

front, rear, top, and bottom) and expressing them at AX l
previous time step i, the transient explicit finite n
difference formulation for a general interior node can

be expressed as

Ay




Tosnr ~Tn P Thiinr =T4
k(AYXAZ)M+ k(AXXAZ)M+ k(Ay x AZ) m+Ln,r = Pmonr
AX Ay AX

T i -T i T i -T i T i T i
+ k(AxxAz)w+ k(AX x Ay) mnr-1  mnar k(Axx Ay) mn,r+1 ~ 'mn,r
Ay Az Az
T i+1 _ i
= p(Axx Ay x1)C 10

P(AxxAyx1) o
Taking a cubic mesh (Ax = Ay = Az = 1) and dividing each term by k gives, after simplifying,

i i i i i i i Tr:rr% r _Tnil n,r

Tr:1—l,n,r +Tr:1+l,n,r +Tnl1,n+1,r +Trr|1,n—1,r +Tn|1,n,r—l +Tnl1,n,r+l _6Tr:1,n,r :f

where a =k /(pC) is the thermal diffusivity of the material and 7= aAt/1? is the dimensionless

mesh Fourier number. It can also be expressed in terms of the temperatures at the neighboring nodes in
the following easy-to-remember form:
T i+1 i

node ~ ' node

i i i i i i i
Tleft +Ttop +Tright +Tbottom +Tfront +Tback - 6Tnode

T

Discussion We note that setting T,'1, =T, 4, gives the steady finite difference formulation.



5-109 A plane wall with variable heat generation and variable thermal conductivity is subjected to
uniform heat flux ¢, and convection at the left (node 0) and radiation at the right boundary (node 2).

The explicit transient finite difference formulation of the problem using the energy balance approach
method is to be determined.

Assumptions 1 Heat transfer through the wall is T S~—————
given to be transient, and the thermal conductivity Convectio
and heat generation to be variables. 2 Heat transfer hT. 22T~ 9(x) Radiation
is one-dimensional since the plate is large relative to T k(M T~
its thickness. 3 Radiation from the left surface, and AX c Tour
convection from the right surface are negligible. —_—
Analysis Using the energy balance approach and 0 1 ol
taking the direction of all heat transfers to be
towards the node under consideration, the explicit 0o ——»
finite difference formulations become -]
T -T, AX Tt =T,

Left boundary node (node 0):  k¢A lA_ O +gyA+hA(T, —T0i)+gé,(AAx/2)=pA7C v
X
Ti i i+1 i

oi _Tli 2~ Ty i 1 1
+dp (AAX) = pAAXC ———
A do( )=p AL

. T
Interior node (node 1): kA A
X

+k{ A
Right boundary node (node 2):

T, -T) AX TiH-T)

kb A +eoA[(Td, +273)% —(T4 +273)*1+ g5 (AAX/ 2) = pA7C v




